In this paper, we have proved that there exists no translation invariant pure state of
Introduction
In this paper, we investigate various order properties of ground states for translation invariant Hamiltonian models [BR-II,Sim] in the two-side infinite quantum spin chain M = ⊗ k∈Z M are Pauli spin matrices located at lattice site k ∈ Z and J > 0 is a constant. It is well known that any finite volume truncation of H XXX with periodic boundary condition admits a unique ground state [Be,AL] . However, no clear picture has emerged so far in the literature about the set of ground states for the two sided infinite volume anti-ferromagnet Heisenberg H XXX model. However, many interesting results on ground states, those are known for other specific Heisenberg type of models [LSM] , such as Ghosh-Majumder (GM) model [GM] and Affleck-Kenedy-Lieb-Tasaki (AKLT) model [AKLT] , gave interesting conjectures on the general behaviour of ground states and its physical implication for anti-ferromagnetic Hamiltonian H XXX model.
One standing conjecture by Haldane [AL] says that H XXX has a unique ground state and the ground state admits a mass gap with its two-point spatial correlation function decaying exponentially for integer spin s ( odd integer d, where d = 2s + 1 ). Whereas for the even values of d, the conjecture says that H XXX has a unique 1991 Mathematics Subject Classification. 46L. Key words and phrases. Uniformly hyperfinite factors. Cuntz algebra, Popescu dilation, Spontaneous symmetry breaking, Heisenberg iso-spin anti-ferromagnetic model, ground states, reflection positive .
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ground state with no mass gap and its two-point spatial correlation function does not decay exponentially (i.e. s is a 1 2 odd integer spin, where d = 2s + 1). A well known result, due to Affleck and Lieb [AL] says: if H XXX admits a unique ground state for even values of d then the ground state has no mass gap and its two-point spatial correlation function does not decay exponentially. In contrast, if the integer spin H XXX model admits a unique ground state with a mass gap, a recent result [NaS] says that its two point spatial correlation function decays exponentially. Thus the uniqueness of the hypothesis on the ground state for H XXX model is a critical issue to settle a part of the conjecture. We refer interested readers to [AL, Ma3] for finer details on this conjecture and a survey paper [Na] for an overview on this topic. On the experimental side, H XXX finds a special place in the low temperature physics of magnetic materials [Ef,DR] those admit quasi one-dimensional lattice structures.
In this paper, we will use a C * -algebraic method that is independent of Betheansatz [Be] or algebraic Bethe-ansatz [Fa] solution, used in the literature extensively to capture properties of ground states of H XXX model. Nor we will be using the rigorous methods invented in [LSM] and [GM] to study the infinite volume ground states of H XXX as limit points of the finite volume ground states of H XXX with periodic boundary conditions.
In the following text, we will now formulate the problem in the general framework of C * -dynamical system [BR-II] valid for two-sided one-dimensional quantum spin chain models. The uniformly hyper-finite C * -algebra M = ⊗ k∈Z M c is the complementary set of Λ in Z. We will use the symbol M loc to denote the union of all local algebras {M Λ : Λ ⊂ Z, |Λ| < ∞}. Thus M is a quasi-local C * -algebra with local algebras {M Λ : |Λ| < ∞} and M ′ Λ = M Λ c , where M ′ Λ is the commutant of M Λ in M. We refer readers to Chapter 6 of [BR-II] for more details on quasi-local C * -algebras.
The lattice Z is a group under addition and for each n ∈ Z, we have an automorphism θ n , extending the translation action, which takes Q (k) to Q (k+n) for any Q ∈ M d (C) and k ∈ Z, by the linearity and multiplicative properties on M. for h * 0 = h 0 ∈ M loc , where the formal sum in (3) gives a group of auto-morphisms α = (α t : t ∈ R) by the thermodynamic limit: lim Λη ↑Z ||α Λη t (A) − α t (A)|| = 0 for all A ∈ M and t ∈ R for a net of finite subsets Λ η of Z with uniformly bounded surface energy, where automorphisms α Λ t (x) = e itHΛ xe −itHΛ is determined by the finite subset Λ of Z k and H Λ = n∈Λ θ n (h 0 ). Furthermore, the limiting automorphism (α t ) does not depend on the net that we choose in the thermodynamic limit Λ η ↑ Z, provided the surface energies of H Λη are kept uniformly bounded. The uniquely determined group of automorphisms (α t ) on M is called Heisenberg flows of H.
In particular, we have α t • θ n = θ n • α t for all t ∈ R and n ∈ Z. Any linear automorphism or anti-automorphism β on M loc , keeping the formal sum (3) in H invariant, will also commute with (α t ).
A state ω is called stationary for H if ωα t = ω on M for all t ∈ R. The set of stationary states of H is a non-empty compact convex set and has been extensively studied in the last few decades within the framework of ergodic theory for C * -dynamical systems [BR-I,Chapter 4]. However, a stationary state of H need not be always translation-invariant. A stationary state ω of M for H is called β-KMS state at an inverse positive temperature β > 0 if there exists a function z → f A,B (z), analytic on the open strip 0 < Im(z) < β, bounded continuous on the closed strip 0 ≤ Im(z) ≤ β with boundary condition f A,B (t) = ω β (α t (A)B), f A,B (t + iβ) = ω β (α t (B)A) for all A, B ∈ M. Using weak * compactness of convex set of states on M, finite volume Gibbs state ω β,Λ is used to prove existence of a KMS state ω β for (α t ) at inverse positive temperature β > 0. The set of KMS states of H at a given inverse positive temperature β is singleton set i.e. there is a unique β KMS-state at a given inverse positive temperature β = 1 kT for H which has a finite range interaction [Ara1],[Ara2], [Ki] and thus inherits translation and other symmetry of the Hamiltonian. The unique KMS states of H at a given inverse temperature is ergodic for translation dynamics. This gives a strong motivation to study translation-invariant states in a more general framework of C * -dynamical systems [BR-I] .
A state ω of M is called ground state for H, if the following two conditions are satisfied: (a) ω(α t (A)) = ω(A) for all t ∈ R; (b) If we write on the GNS space (H ω , π ω , ζ ω ) of (M, ω),
Furthermore, we say a ground state ω is non-degenerate, if null space of H ω is spanned by ζ ω only. We say ω has a mass gap, if the spectrum σ(H ω ) of H ω is a subset of {0} [δ, ∞) for some δ > 0. For a wide class of spin chain models [NaS], which includes Hamiltonian H with finite range interaction, h 0 being in M loc , the existence of a non vanishing spectral gap of a ground state ω of H implies exponential decaying two-point spatial correlation functions. We present now a precise definition for exponential decay of two-point spatial correlation functions of a state ω of M. We use symbol Λ c m for complementary set of the finite volume box Λ m = {n : −m ≤ n ≤ m} for m ≥ 1. Definition 1.1. Let ω be a translation-invariant state of M. We say that the two-point spatial correlation functions of ω decay exponentially, if there exists a δ > 0 satisfying the following condition: for any two local elements Q 1 , Q 2 ∈ M and ǫ > 0, there exists an integer m ≥ 1 such that
By taking low temperature limit of ω β as β → ∞, one also proves existence of a ground state for H [Ru,BR-II]. On the contrary to KMS states, the set of ground states is a convex face in the set of the convex set of (α t ) invariant states of M and its extreme points are pure states of M i.e. A state is called pure if it can not be expressed as convex combination of two different states of M. Thus low temperature limit points of unique β−KMS states give ground states for the Hamiltonian H inheriting translation and other symmetry of the Hamiltonian. In general the set of ground states need not be a singleton set and there could be other states those are not translation invariant but still a ground state for a translation invariant Hamiltonian. Ising model admits non translation invariant ground states known as Néel state [BR vol-II] . However ground states that appear as low temperature limit of β−KMS states of a translation invariant Hamiltonian, inherit translation and other symmetry of the Hamiltonian. In particular if ground state of a translation invariant Hamiltonian model (3) is unique, then the ground state is a translation invariant pure state.
Let Q →Q be the automorphism on M that maps an element
by reflecting around the point
For a state ω of M, we set a stateω of M by
for all Q ∈ M. Thus ω →ω is an affine one to one onto map on the convex set of states of M. The stateω is translation-invariant if and only if ω is translationinvariant state. We say a state ω is lattice reflection-symmetric or in short lattice symmetric if ω =ω.
The group of unitary matrices u ∈ U d (C) acts naturally on M as a group of automorphisms of M defined by
We also set automorphismβ u on M defined by
for all Q ∈ M. So for u, w ∈ U d (C), we havẽ
We fix an orthonormal basis e = (e i ) of C d and Q t ∈ M d (C) be the transpose of Q ∈ M d (C) with respect to an orthonormal basis (e i ) for C d (not complex conjugate). Let Q → Q t be the linear anti-automorphism map on M that takes an element
to its transpose with respect to the basis e = (e i ) defined by
where Q 0 , Q 1 , ..., Q m are arbitrary elements inM d (C). We also note that Q t depends on the basis e that we choose and we have avoided use of a suffix e. He assumed that it won't confuse an attentive reader since we have fixed an orthonormal basis (e i ) for our consideration through out this paper. For more general Q ∈ M loc , we define Q t by extending linearly and take the unique bounded linear extension for any Q ∈ M. For a state ω of M, we define a stateω on M by the following prescription
Thus the stateω is translation-invariant if and only if ω is translation-invariant. We say ω is real , ifω = ω. The formal Hamiltonian H is called reflection symmetric with twist w if β w (H) = H and real if H t = H.
We also set a conjugate linear map Q → Q on M with respect to the basis (e i ) for C d defined by extending the identity action on elements
anti-linearly. Thus by our definition we have
We set the following anti-linear reflection map
Following a well known notion [FILS] , a state ω on M is called reflection positive with a twist
for all Q ∈ M R . Thus the notion of reflection positivity also depends explicitly on the underlining fixed orthonormal basis e = (e i ) of C d .
Let G be a compact group and g → u(g) be a d−dimensional unitary representation of G. By γ g we denote the product action of G on the infinite tensor product M induced by u(g),
is the natural representation u(g) = g, then we will identify the notation β g with γ g for simplicity. Formal Hamiltonian H given in (3) is called G-gauge invariant if γ g (H) = H for all g ∈ G.
We recall now [DLS,FILS] if H in (3) has the following form
for some B, C i ∈ M R then the unique KMS state at inverse positive temperature β is refection positive with the twist r 0 . We refer to [FILS] for details, which we will cite frequently while dealing with examples satisfying (12). Since the weak * -limit of a sequence of reflection positive states with the twist r 0 is also a reflection positive state with the twist r 0 , weak * -limit points of the unique β−KMS state of H as β → ∞, are also refection positive with the twist r 0 . Thus any weak * low temperature limit point ground state of H is reflection positive with a twist r 0 if H is given by (12).
In particular, the anti-ferromagnetic H XXX models are real and reflection symmetric admitting the form (12) [FILS] with r 0 = σ y . Another mathematically instructive example of real reflection symmetric Hamiltonian satisfying (12) is the anti-ferro-magnetic XY model H XY defined by
for some constant J > 0. Hamiltonian H XXX admits SU 2 (C) gauge symmetry with irreducible representation g → u(g). Whereas H XY admits S 1 ⊂ SU 2 (C) gauge symmetry, where an element z ∈ S 1 is identified to the following element in SU 2 (C):
A pure mathematical question that arise here: does this additional symmetry of H helps to understand behaviour of its low temperature limiting ground states? Taku Matsui had investigated [Ma3] this question for translation invariant pure
In particular, we proved that one of the following statements is false for even integer d:
′′ is a type-I factor state; (b) ω is SU 2 (C) gauge invariant with an irreducible representation g → u(g).
In general, for a translation invariant pure state ω, π ω (M R ) ′′ need not be a type-I factor [Ma3] . However, it is known that π ω (M R )
′′ is either a type-I or a type-III factor [Mo1, Mo3].
As an application of our main mathematical results of this paper, we will prove the following theorem in the fourth section. 
for all g ∈ SU 2 (C), where the matrix conjugation with respect to an orthonormal basis e = (e i ) of
As an application of Theorem 1.2, we will prove in the last section the following corollary. Thus our analysis finally gives a surprising result for 1 2 odd integer spin antiferromagnetic H XXX contrary to general belief for the last few decades. However it does not rule out possibility of a unique limit point while taking low temperature limit T → 0 and thus also does not rule out possibility of a strongly correlated two-point spatial correlation function for its low temperature limiting ground state as per assertion of Corollary 1.4. Thus one important question that remains to be answered whether ground state of integer spin H XXX model is unique?
The paper is organized as follows: In section 2, we will recall basic mathematical set up required from earlier paper [Mo3] and explain basic ideas involved in the proof of Theorem 1.2. In section 4 we give the proof of Theorem 1.2. In the last section, we will illustrate our results with models of physical interest. In particular, we will give proofs of Corollary 1.3, Corollary 1.4 and Corollary 1.5.
Mathematical Preliminaries
For the last few decades, a translation-invariant state of M had been studied extensively in the mathematical literature, either in the framework of quantum Markov states [Ac] Let ω be a translation-invariant state of M and ω Λ be the state ω restricted to M Λ . We say that ω is split, if the following condition is valid for any subset Λ of Z: Given any ǫ > 0 there exists a m ≥ 1, so that
where the above sup is taken over all local elements Q ∈ M Λ c m with the norm less than equal to 1. The uniform clustering property (17) of the state ω has its mathematical appeal which guarantees that ω is quasi equivalent to the tensor product state ω Λ ⊗ ω Λ c by Theorem 2.7 in [Pow] We recall in the following, a well known result (Theorem 2.5 in [Pow] ). A translation-invariant state ω of M is a factor state if and only if the following holds: for any given Q 2 ∈ M and ǫ > 0, there exists an integer n ≥ 1 so that
The criteria givin in (18) is used to deduce that a translation-invariant state ω of M is a factor state, if and only if ω Λ ( ω Λ c ) is a factor state for all subsets of Λ of Z.
We recall that the Cuntz algebra
is the universal unital C * -algebra generated by the elements {s 1 , s 2 , ..., s d } subjected to the following relations:
Let Ω = {1, 2, 3, ..., d} be a set of d elements. I be the set of finite sequences I = (i 1 , i 2 , ..., i m ) of elements, where i k ∈ Ω and m ≥ 1 and we use notation |I| for the cardinality of I. We also include null set denoted by ∅ in the collection I and set 
In particular, the gauge action is defined by
The fixed point sub-algebra of O d under the gauge action i.e., {x ∈ O d : β z (x) = x, z ∈ S 1 } is the closure of the linear span of all Wick ordered monomials of the form
., j k ) and is isomorphic to the uniformly hyper-finite C * sub-algebra
where the isomorphism carries the Wick ordered monomial (20) into the following matrix element
We also define the canonical endomorphism
and the isomorphism carries λ restricted to UHF d into the one-sided shift
We also note that the group action (β u ) of U d (C) on the collection of Popescu elements (v i ) defined by
We recall Proposition 2.4 in [Mo3] with little more details in the following proposition. The proof given for Proposition 2.4 (a) is valid for any λ-invariant state of
′′ . Then the following holds:
′′ and the normal state φ(x) = ζ ψ , xζ ψ is faithful on the von-Neumann algebra M.
the map is norm preserving order isomorphic from the self-adjoint part of the commutant of π ψ (O d )
′ to the space of self-adjoint fixed points of the completely positive map (f ) The following statements are equivalent: 
bijection between the sets of inter-twinning elements and U is unitary if and only if u is unitary. Similar statement also holds for anti-unitary operators
Moreover, the following holds:
equality holds, if and only if
(iv) Let M be a von-Neumann algebra generated by the family
Furthermore, for a given λ-invariant state ψ, the family
φ) satisfying (iv) is determined uniquely up to unitary conjugation.
Proof. For (a) we verify the following steps:
Since P is the support projection of the state ψ on
Since P ζ ψ = ζ ψ and S * J P ⊆ P for all |J| < ∞, we get (ii) by cyclic property of
We can as well prove (iii) by using the following alternative argument. Since Λ n (P )S I = S I P for all I with |I| = n, we have by Cuntz relations (17) and (i) that
J ζ ψ for all |I| = n and |J| < ∞. Since this equality holds for all n, we get (iii) by cyclic property of
The relation (iv) is a simple computation
The relation (b) follows by (i) of (a 
In case of an anti-unitary element j 0 commuting elements in M, the weak operator limit of Λ n (j 0 ) as n ↑ ∞ exists and its limit 
For (f), we first note that (i) and (ii) are equivalent since the centre of
Similarly (iii) and (iv) are equivalent since the invariant elements of τ in B(K) i.e. B τ (K) = M ′ by (c). Thus the centre of M are exactly the invariant elements of τ in M. That (ii) and (iv) are equivalent follows by the argument used in Theorem 3.6 in [Mo6]. Same method works for discrete time dynamics as well. For a proof, we repeat the argument used now. For any element
We also write
and for any normal state
Thus combining the above two steps, we conclude that (ii) and (iv) are equivalent.
We can prove directly that (i) and (iii) are equivalent as follows. Suppose (i) is true and a ∈ M M ′ . Then a = P XP for some
in weak operator topology. Thus X is a scaler multiple of identity operator by the factor property of ψ given as (i). So a = P XP is also a scaler multiple of I K .
For (iii) implies (i), we take an element
′ and so by (c), we also have P XP ∈ M ′ . So P XP = λP for some scaler. Now we use once again action of Λ n on both side and take limit n → ∞ to conclude X = λI. Thus (iii) implies (i).
Let ψ be a λ-invariant state of O d as in Proposition 2.1 and H = {z ∈ S 1 : ψ = ψβ z } be the closed subgroup of S 1 . Let z → U z be the unitary representation of H in the GNS space (H ψ , π, ζ ψ ) associated with the state ψ of O d , defined by
We use same notations (β z : z ∈ H) for its normal extensions as group of automorphisms on
′′ , we have P β z (I − P )P = 0 i.e. β z (P ) ≥ P for all z ∈ H. Since H is a group, we conclude that β z (P ) = P i.e. P U z = U z P for all z ∈ H.
We consider now a group of automorphisms (
of the unitary representation z → u z into its dual groupĤ. So we have 
Proof. 
If the von-Neumann algebra
′′ is a type-I factor then the group of * -automorphism z → β z is inner i.e. there exists a unitary representation
For details, we refer to Lemma 6.9 in [BJKW] .
′′ . By the uniqueness of the decomposition, we get Λ(E k ) = E k+1 for all k ∈ Z, ifĤ = Z. Since ψλ = ψ, we also have in such a case
The last statement (e) uses similar idea that was involved in the proof of (d). Let ω be the unique inductive limit state of M such that ω = ωθ and
We consider the unital injective endomorphism Λ :
defined by extending the map 
J as a GNS representation of the state ψ. Now the factor property of ψ is obvious since by our construction
That H is trivial for ψ now follows by (d).
Thus by Proposition 2. 
Since endomorphism Λ(
By taking invariant mean on an extension of ω R to O d , we verify that K ω is non empty and K ω is clearly convex and compact in the weak topology. In case ω is an ergodic state ( extremal state ) then, ω R is as well an extremal state in the set of λ-invariant states of M. Thus K ω is a face in the λ invariant states. Now we recall Lemma 7.4 of [BJKW] 1 and H = {z ∈ S 1 : ψβ z = ψ} is independent of the extremal point ψ ∈ K ω . In Proposition 2.1 (b) we have taken an arbitrary element ψ ∈ K ω to find a Popescu element P = (K, v i ∈ M, 1 ≤ i ≤ d, ζ ω ) in its support projection and arrived at a representation of ω given by
, where I = (i 1 , i 2 , .., i k ) and J = (j 1 , j 2 , .., j k ). However, such a representation need not be unique even upto unitary conjugation unless K ω is a singleton set. Nevertheless by Proposition 2.3 for a factor state ω, two extreme points ψ and ψ ′ in K ω being related by ψ ′ = ψβ z for some z ∈ S 1 , the Popescu elements
respectively are unitary equivalent modulo a gauge modification i.e. by Proposition 2.1 there exists a unitary operator u : K → K ′ and z ∈ S 1 so that uv
We include more details in the following. We define a unitary operator U : H ψ ′ → H ψ by extending the inner product preserving map
We set unitary operator u : K → K ′ defined by
In other words we find a one-one correspondence between is the set of extreme points in K ω and P ext is the set of Popescu elements associated with extreme points ψ of K ω on their support projections of the states given as in Proposition 2.1. Furthermore, for the support projection ) also played an important role in our analysis. We now recall the details of it and explain how it is related to symmetry (5) of ω.
Since φ is a faithful state, ζ φ ∈ K is a cyclic and separating vector for M and the closure of the closable operator S 0 : aζ φ → a * ζ φ , a ∈ M, S possesses a polar decomposition S = J ∆ 1/2 , where J is an anti-unitary and ∆ is a non-negative selfadjoint operator on K. M. Tomita [BR] theorem says that ∆ it M∆ −it = M, t ∈ R and J MJ = M ′ , where M ′ is the commutant of M. We define the modular automorphism group σ = (σ t , t ∈ T) on M by
which satisfies the modular relation
for any two analytic elements a, b for the group of automorphisms (σ t ). A more useful modular relation used frequently in this paper is given by
(a * )ζ φ for an analytic element a for the automorphism group (σ t ). Anti unitary operator J and the group of automorphism σ = (σ t , t ∈ R) are called conjugate operator and modular automorphisms associated with φ respectively. Since τ (a) = 1≤k≤d v k av * k , x ∈ M is an inner map i.e. each v k ∈ M, we have an explicit formula forτ as follows: For each 1 ≤ k ≤ d, we set contractive operator
Thatṽ k is indeed well defined as an element in M ′ given in section 8 in [BJKW] . By the modular relation (23), we have
We also setM to be the von-Neumann algebra generated by
Since S 0 β z (a)ζ φ = β z (a * )ζ φ for all a ∈ M, we have S 0 u z = u z S 0 on Mζ φ . Once again by uniqueness of polar decomposition for S = J ∆ 
In particular, J commutes with P k if and only if
Furthermore, since E = z∈H β z dz is a norm one projection ( i.e. a unital completely positive map E : M → M 0 satisfying the bi-module property, i.e. E(zxy) = zE(x)y, x ∈ M, z, y ∈ M 0 ) from M to the fixed point von-Neumann sub-algebra M 0 of M, the modular group of automorphisms (σ t ) keep M 0 invariant i.e. σ t (M 0 ) = M 0 for all t ∈ R by a Theorem of M. Takesaki [Ta] . Note also that M 0 = P π(UHF d ) ′′ P as a von-Neumann algebra with its cyclic space K 0 = [M 0 ζ φ ]. Thus, we have von-Neumann algebra M 0 acting on K 0 and the unital completely positive map τ 0 : a → τ (a), a ∈ M 0 admits a faithful normal invariant state φ 0 on M 0 which is the restriction of φ to M 0 . Thus (M 0 , τ 0 , φ 0 ) admits an adjoint completely positive map satisfying the duality relation given below:
A non-trivial symmetry of ω will determine a unique affine map on K ω and thus taking an extremal element of K ω to another extremal element of K ω . Since associated family of Poposecu elements on support projections of an extremal element are determined uniquely modulo a unitary conjugation, each symmetry will give rises to an undetermined unitary operator intertwining family of Popescu elements modulo a gauge group action. Basic strategy here is to find an algebraic relation between Cuntz state ψ and associated family of Popescu elements (K, v k : 1 ≤ k ≤ d) in its support projection with its dual Cuntz stateψ associated with dual family of Popescu elements (ṽ k , 1 ≤ k ≤ d). While studying symmetry (5) of ω, we need equality of the support projections of ψ andψ in order to find an algebraic relations between their family of Popescu elements. To that end we recall results from [Mo3] in the next paragraph. , we consider the amalgamated tensor product H⊗ K H of H withH over the joint subspace K. It is the completion of the quotient of the set CĪ ⊗ CI ⊗ K, whereĪ, I both consisting of all finite sequences with elements in {1, 2, .., d}, by the equivalence relation defined by a semi-inner product defined on the set by requiring
and all inner product that are not of these form are zero. We also define two commuting representations (S i ) and (S i ) of O d on H⊗ KH by the following prescription:
where λ is the quotient map from the index set to the Hilbert space. Note that the subspace generated by λ(∅ ⊗ I ⊗ K) can be identified with H and earlier S I can be identified with the restriction of S I defined here. Same is valid forSĪ . The subspace K is identified here with λ(∅ ⊗ ∅ ⊗ K). Thus K is a cyclic subspace for the representations j ⊗ s i →S j S i ofÕ d ⊗ O d in the amalgamated Hilbert space. Let P be the projection on K. Then we have
We sum up result required in the following proposition. 
with respect to an orthonormal basis e = (e i ) of
′′ ζ ψ ] then, the following statements are equivalent: Remark 2.5. Let ω be a translation invariant factor state of M and ψ be an extremal element in K ω . Thus ψ is a factor state and
In such a case ( i.e. if ω is pure )
′′ satisfies β z (P ) = P for all z ∈ H}. The group of automorphism
Suppose β z (a) = a for some a ∈ M then β z (P aP ) = β z (P )β z (a)β z (P ) = P aP and
Since a = P (P aP )P , we conclude that a ∈ M 0 . Remark 2.6. Let ω be also pure. Then P = EẼ and
′′ F 0 is the algebra of all bounded operators on the closed subspace
′′ , we can verify the following equalities:
J ζ ψ for all |I ′ |, |J ′ |, |I| and |J| < ∞. In particular, we get P F 0 = P 0 since P 0 = {f ∈ K : u z f = f, ∀z ∈ H} and P 0 = [M 0 ζ ψ ]. Thus, we have P 0 = P F 0 = F 0 P . The von-Neumann algebra P 0M0 ∨ MP 0 is equal to the algebra of all bounded operators on P 0 . Thus both P 0 MP 0 and P 0M P 0 are factors acting on P 0 . Let x be an element in the centre of M 0 . Then x commutes with P 0 and all operators in M 0 ∨M. In particular, x commutes with all operators in P 0 M 0 ∨M 0 P 0 . Thus pure property of ω ensures xP 0 = λP 0 for some scaler λ ∈ C. Since elements inM commutes with x and [Mζ ψ ] = K, we conclude x = λI K . This shows that M 0 is a factor if ω is a pure state of M.
Let X be an element in the centre of π(
and X commutes with {U z : z ∈ H}. The state ω being pure,
. This shows X ∈ {U z : z ∈ H} ′′ and thus
. But X also commutes with elements in π(Õ d ) ′′ andΛ(F k ) = F k+1 and so c k = c for all k ∈Ĥ and thus X = cI. We conclude that π(UHF)
′′ is also a factor if ω is pure.
Let G be a compact group and g → u(g) be a d−dimensional unitary representation of G. By γ g , we denote the product action of G on the infinite tensor product M induced by u(g),
for any Q ∈ M. We recall now that the canonical action of the group
and thus
Note that u(g)|e i >< e j |u(g) 1 so that
Proof. We recall from (18) that λβ g = β g λ for all g ∈ G and ω being G-invariant, we have ψβ g ∈ K ω for all ψ ∈ K ω and g ∈ G and the map ψ → ψβ g is an affine one to one and onto map on K ω . Thus ψβ g is an extremal element in K ω if and only if ψ is so. Now we fix an extremal element in K ω . The state ω being a factor state, by Proposition 2.3, any other extremal element ψ ′ ∈ K ω is determined by ψ ′ = ψβ z for some z ∈ S 1 .
The subgroup H = {z ∈ S 1 : ψ = ψβ z } of S 1 being close, H is either S 1 or a finite cyclic subgroup. In case H = S 1 , by Proposition 2.3, K ω is having a unique element and thus by our starting remark we have ψβ g = ψ for all g ∈ G and ψ is the unique extremal element in K ω . In such a case, we define unitary operator oñ
The mutually orthogonal family {F k : 1 ≤ k ≤ n − 1} of projections satisfies in particular 0≤k≤n−1
′′ . Thus for each 0 ≤ k ≤ n− 1, the orthogonal projection F k is spanned by the vectors K ))ζ ψ where |I ′ | = |J ′ |, |I| = |J| and |K| = k. It is a routine work to check that U ′ (g) is indeed an inner product preserving map on the total vectors in F k using our assumption that ω = ωβ g on M. Thus each U ′ (g) extends uniquely to a unitary operator onH
determines an extremal point ψ g ∈ K ω and thus by Proposition 2.3 there exists a complex number ζ(g) with modulus 1 so that ψ g = ψβ ζ(g) . Note that for another such a choice ζ ′ (g), we haveζ(g)ζ ′ (g) ∈ H. As H is a finite cyclic subgroup of S 1 , we have a unique choice once we take ζ(g) to be an element in the group S 1 /H which we identify with S 1 . That g → ζ(g) is a representation of G in S 1 = {z ∈ C : |z| = 1} follows as the choice in S 1 /H of ζ(g) is unique. For each g ∈ G, we define a unitary operator byÛ
Both g → U ′ (g) and g → ζ(g) being representations of G, we conclude that g → U (g) is a unitary representation of G. So by our construction, we havê
for all 1 ≤ j ≤ d, where we recall v j = P S j P . By taking adjoint of the equation above, we getû
We are now left to prove (c). Since automorphism a →û(g)aû(g) * on M preserves the faithful normal state φ, it follows from a general theorem due to A. Frigerio [Fr] , see also [OP] that the modular group and conjugate operator associated with φ commutes with the auto-morphism. Proof uses the fact that KMS property uniquely determines modular group by a theorem of M. Takesaki [Ta2] . Otherwise also we can verify directly here that the densely defined closable Tomita conjugation operator S 0 xζ ψ = x * ζ ψ for x ∈ M satisfies S 0û (g) =û(g)S 0 as their actions on any typical vector v I v * J ζ ψ are same by the covariance relation (41), where
Hence by the uniqueness of the polar decomposition, we conclude that (c) holds.
Translation invariant lattice refection symmetry state with a twist r0
For a given u ∈ U d (C), we extend the mapβ u : M → M defined in (7) to an
for all |I|, |J|, |I ′ |, |J ′ | < ∞ and then extend linearly for an arbitrary element of We make few simple observations in the following for u, w ∈ U d (C):
and
i.e. J w commutes with β u if wuw * =ū.
By combining relations (52)- (53), we have the following identities (53) Let G be the simply connected Lie group SU 2 (C) and g → u(g) be a d−dimensional unitary irreducible representation of G. Then there exists a r ∈ U d (C) such that (55) ru(g)r * =ū (g) for all g ∈ G. The element r ∈ U d (C) is determined uniquely modulo a phase factor in S 1 . In particular any element
satisfies (55), where we have fixed a r 0 satisfying (55) With such a choice for r 0 , we havē
So by the irreducible property of the representation g → u(g) and commuting property r 0r0 =r 0 r 0 , we conclude thatr 0 r 0 = µI d , where µ is a real number of modulus one. Thusr 0 = µr 0 as r For d = 2, let σ x , σ y and σ z be the Pauli matrices in M 2 (C) (see the last part of section 4). The self-adjoint matrix σ y is also a unitary matrix i.e. σ 2 y = I 2 and σ y σ x σ y = −σ x and σ y σ z σ y = −σ z Since σ x =σ x and σ z =σ z , σ y inter-twins e itσx and e itσz with their conjugate matrices e −itσx and e −itσz respectively for all t ∈ R. In contrast, sinceσ y = −σ y , we also get σ y inter-twins e itσy with e −itσy for all t ∈ R. So we set r 0 = σ y ( other choice we can make for r 0 is −σ y ) and verify directly thatr 0 = −r 0 i.e. µ = −1 if d = 2.
We write iσ y = e it0σy ∈ SU 2 (C), where t 0 = π 2 and verify that
Since su 2 (C) is a real Lie algebra that has unique Lie algebra extension to a complex Lie algebra sl 2 (C), i.e. Lie algebra over the field of complex numbers, we also have
for all g ∈ SU 2 (C) ( Lie-derivatives of the representations in both sides are equal as element in sl 2 (C)). So we have
If π u is the associated Lie-representation of su 2 (C), we have
for even integer values of d, whereas
u(e it0σy ) = e 2it0πu(σy)
for odd integer values of d. Thus for an arbitrary even values of d, the unitary matrix r 0 = e it0πu(σy ) ) satisfies (55) and (57). In contrast, for an arbitrary odd values of d, the unitary matrix r 0 = e i2t0πu(σy ) satisfies (55) and (57). In short, µ = 1 if d is an odd integer and −1 if d is an even integer.
We write µ = ζ 2 and set r 0 ∈ U d (C), such that
where ζ 2 = µ and so µ is 1 for odd values of d otherwise −1. In the last section, we will recall standard explicit description of r 0 and g → u(g) that satisfies (55) and (57). Note also that r ζ = ζr 0 is a matrix with real entries irrespective of values taken for d.
The irreducible property of the representation g → u(g) is only used to ensure existence of a family of {r z ∈ U d (C)} satisfying (55) and (57). But the irreducibility property is not necessary for a more general situation. As an example, same relations are valid if we consider the representation g → u(g) ⊗ u(g) ⊗ .. ⊗ u(g) in a finite or infinite tensor product representation of an irreducible one g → u(g). This observation is useful, when we investigate the present problem in a quasi one dimensional lattice with
with Z n = {m : 0 ≤ m ≤ n − 1} or a higher dimensional latices say on
Now we go back to our main text. So we have
, where µ = 1 or −1 depending on d odd or even. In any case, by (54) and (55), we also have
for all g ∈ SU 2 (C).
Let ω be a translation invariant factor state of M and ψ be an extremal element in K ω . We define a state ψ 0 :
We also compute the following elementary equalities for ψ = ψβ u for u ∈ U d (C):
We assume further now that the the state ω satisfies
for all Q ∈ M. Since the state ω is G = SU 2 (C)-invariant state and ζr 0 ∈ u(G), we have ωβ r0 = ω on M. In particular, the state ω is lattice symmetric (twist free) state of M i.e.
for all |I|, |J| < ∞ is also an extremal element in K ω . Thus there exists a ζ 0 ∈ S 1 /H so that (67)ψ = ψβ ζ0 Sinceψ = ψ andψ β z =ψβ z for any z ∈ S 1 , we conclude that ζ 2 0 ∈ H.
Proposition 3.1. Let ω be a translation and SU (2) 
Let ω be also reflection symmetric with the twist r 0 . Then ω is also reflection symmetric state of M and there exists a
Proof. We have already proved (a), (b), (c) and (e). (d) is a spacial case of (c) with u(iσ y ) = r ζ .
For (f) we verify the following steps:
Thus it is good enough, if we verify (f) only for g = I d as follows: 
, where Q 0 , Q 1 , ..., Q m are arbitrary elements in M d and Q t 0 , Q t 1 , .. stands for transpose with respect to an orthonormal basis (e i ) for C d (not complex conjugate) of Q 0 , Q 1 , .. respectively. We define Q t by extending linearly for any Q ∈ B loc . For a state ω on B, we define a stateω on B by the following prescription
Thus the stateω is a translation-invariant, ergodic, factor state, if and only if ω is a translation-invariant, ergodic, factor state respectively. We say ω is real ifω = ω.
In this section we study a translation-invariant real state. 
Proof. The state ω being lattice symmetric and real, as in Theorem 3.4 in [Mo3], we can fix an extremal point ψ ∈ K ω such thatψ = ψβ ζ0 andψ = ψβ ζ0 , where ζ 0 ∈ {1, e iπ n } and ζ Since u z commutes with J for z ∈ H, we have the following identities:
Now we verify the following simple identities:
The statement (b2) is a simple consequence of (a2). That γ r ζ commutes with modular element is obvious since both γ andr ζ commutes with modular elements.
The statement (a3) is a simple consequence of the inter-twinning relation (60) once used in (72). Sinceû(g) commutes with J by Proposition 2.7 (c), (b3) is a simple consequence of (a3). Now we aim to prove (c1)-(c4). To that end, we consider the minimal Popescu dilation for the elements (Jṽ i J : 
there exists a unitary operator Γ r ζ onH ⊗ K H extending γ r ζ : K → K satisfying (76) Γ r ζ P = P Γ r ζ P = γ r ζ and (77) 
where
Similar statement also holds forÛ T (g) with Cuntz elements (T i ) replacing the role of (S i ) above. Since
also satisfies (85) asû T (g) =û(g), the uniqueness part of the above statement says thatÛ (g) =Û T (g) on H by Proposition 2.1 (d). By the same argument, we also haveÛ (g) =Û T (g) onH. This showsÛ (g) =Û T (g) andÛ (g) commutes with J . SinceÛ (g) commutes with J γrζ , we concludeÛ (g) commutes with Γ r ζ by (81) and the commuting property ofÛ (g) with J . This completes the proof for (c3).
We fix any even integer d. We recall that r ζ =û(iσ y ). The fixed point vonNeumann sub-algebra of the action Ad r ζ on a von-Neumann algebra is equal to the fixed point von-Neumann sub-algebra of the group action {Adû (e itσy ) : 0 ≤ t < 2π} on B(K) since e itσy takes value iσ y at t = π 2 . We used here the simple fact that the fixed point sub-algebra remains same if we take action of a single element from the group other than the identity action by von-Neumann double commutant theorem. We also note that r 2 ζ =û(i 2 σ 2 y ) =û(−I 2 ). Important point here for even values of d,û(−I 2 ) is not the identity operator. So the fixed point algebra of the action Ad r ζ is equal to the fixed point von-Neumann sub-algebra of the action Adû (−I2) i.e. the action at t = π.
In particular, we claim that any element in the fixed point von-Neumann subalgebras of the actions Ad γr ζ on B(K) is an invariant element of Adû r ζ on B(K). For a proof, we take any element a ∈ A fixed by Ad γr ζ . Then we get
Now we use the preceding remark to conclude that Adû (r ζ ) (a) = a.
We use the same argument to prove AdÛ (r ζ ) (X) = X if Ad Γr ζ (X) = X for some
In the following we aim to give a more insight in our studies on symmetries on state ω. Proposition 4.4. Let ω and ψ be as in Proposition 4.1 withψ =ψ = ψβ ζ0 . Let ω be also β r0 invariant then the following holds: (a) ψβ r0 = ψβ η0 andψβ r0 =ψβ η0 for some η 0 ∈ S 1 ; (b) Let η ∈ S 1 such that η 2 = η 0 and ψ η = ψβ η . Thenψ η β r0 = ψ η β η0ζ0 and Proof. We have already fixed an extremal point ψ satisfyingψ = ψβ ζ0 and ψ = ψβ ζ0 as in Proposition 4.1. The state ψβ r0 of O d being an extremal point in K ω , there exists a η 0 ∈ S 1 such that ψβ r0 = ψβ η0 . Since r
0 ∈ H. Sincẽ ψ = ψβ ζ0 and β ζ0 commutes with β r0 , we check that
Sinceψ β z =ψβ z for all z ∈ S 1 , we have and verify the following equalities:
We also verify the following equalities:ψ
So by Theorem 3.4 in [Mo3] we find unitary operator γ r0 on K satisfying (86). In particular, (86) shows that γ r0 is a unitary operator inter-twinning the Popescu elements (J βr 0 (l k )J ) and (l k ). Let π T be the minimal Popescu dilation associated with (Jṽ i J ) and its extended amalgamated representation ofÕ d ⊗ O d as in Proposition 4.3. Then as in Proposition 4.3, we use commutant lifting theorem to find a unique unitary operator Γ r0 onH ⊗ K H such that
Since Γ r0 P Γ r0 = P and the automorphism that maps
gives a well defined automorphism on B(K) that takes
By the SU 2 (C)-invariance property of ω, we have ψβ u(g) = ψ for all g ∈ SU 2 (C) by Proposition 3.1 and so in particular ψβ r ζ = ψ. Since r ζ = ζr 0 and so
′′ , given by Ad r ζ Ad r0 . Thus by Proposition 2.2 (a) ζ ∈ H andr 0 ζ ψ = ζ ψ . Since 
It is a routine work to verify by the uniqueness part of the above statement that Γ r ζ commutes with AdÛ (r ζ ) onŨ
So far we did not use our assumption on d. We will prove that d is an odd integer by bringing a contradiction for even integer values of d. 
But for a reflection positive with the twist r 0 state ω satisfying (a) and (b), we have Ad γr ζ (a) = Ad γ0 (a) = a for all a ∈ M 0 by Theorem 3.5 (d) in [Mo3] . This brings a contradiction to our assumption that d is an even integer.
In the following, we remove the additional assumption 'reflection positivity with the twist r 0 ' on the state ω in Theorem 4.5. This came as a surprise! 
Since Ad 
Since Ad Γr ζ (U z ) = Uz and AdÛ (r ζ ) (U z ) = U z for all z ∈ H, we get z 2 = 1 for all z ∈ H i.e. H ⊆ {z ∈ S 1 : z 2 = 1}. Furthermore, we have dn (C) for odd values of n. So by the same argument used in the proof for Theorem 4.6, n can not be an odd integer.
We end this section stating a result that explains how SU 2 (C) invariant is crucial in the proof of Theorem 4.5. We consider the following standard ( irreducible ) representation of Lie algebra su 2 (C) in C 2 :
Let ω be a translation invariant pure state on M = ⊗ Z M 2 (C). If ω is G = U (1) ⊆ SU 2 (C) invariant then by a theorem of T. Matsui [Ma3] , ω is either a product state or a non-split state. The unique ground state for H XY model is a non spilt state.. The following corollary says more when ω is also real and lattice symmetric. Proof. Suppose γ r0 commutes with {u z : z ∈ H}. The fixed point sub-algebra of group action {Ad uz : z ∈ H} is M 0 by Remark 2.5. The action Ad γr 0 also keeps M 0 fixed by the reflection positivity property as shown in Theorem 3.5 in [Mo3]. Thus we conclude that Ad γr 0 is equal to Ad uz 0 for some z 0 ∈ H by a version of 'Tanaka duality theorem' [BE], where we have also used Remark 2.6 that M 0 is a factor for pure state ω. Since Ad On the other hand, by Proposition 4.4 (c), γ r0 u z = uzγ r0 for all z ∈ H. Thus γ r0 commutes with {u z : z ∈ H}, if and only if H ⊆ {1, −1}. This brings a contradiction.
For such a state ω, Theorem 1.3 in [Mo3] says that the exponential decaying property of the spatial correlation function of ω is equivalent to split property of ω i.e. π ω (M R )
′′ is a type-I factor. If so, then by Proposition 2.2 (d), H = {1}. Since H is not equal to {1} by the first part, we get a contradiction. This completes the proof. We are left to discuss few motivating examples for this abstract framework we have developed so far to study symmetry of Hamiltonian H that satisfies (3) and (14). Before we take specific examples, we recall some well known results in the following proposition for our reference. Proof. For (a), we refer to H. Araki work [Ara2] and also [Ki] . For the first statement in (b), we refer to [FILS] . Last part of (b) is trivial as reflection positive property (11) is closed under weak * limit. (c) follows by a simple application of (b) since unique ground state is a limit point of positive temperature states.
Proof. (Corollary 1.3) We will prove the statement by bringing a contradiction. Suppose that ground state is unique. Then unique ground state of H will inherit all symmetries of H i.e. translation, real, lattice symmetric properties of H as it is the liming state of unique β−KMS states as β → ∞ and each β−KMS state being unique, inherits these symmetries of H. That it is also reflection positive with the twist r 0 follows along the same line, once we check the limit of refection positive states with the twist r 0 remains reflection positive with the twist r 0 by (8). This brings a contradiction to Theorem 4.1 since the ground state of H is pure being unique.
Proof. (Corollary 1.4) Since the invariant subspace E ω = {f ∈ H ω : e itHω f = f, t ∈ R} is one dimensional, E ω π ω (M) ′′ E ω is one dimensional and thus in particular abelian. By Proposition 4.3.7 and Theorem 5.3.37 in [BR] , ω is a factor state if and only if ω is a pure state. Thus by Corollary 1.3, ω is not a factor state of M. 
where λ is a real parameter stand for external magnetic field and J is a non-zero real number, σ y . Since the transpose of σ x is itself, transpose of σ y is −σ y and transpose of σ z is itself, we also verify that H t XY = H XY . Hence H XY is real and refection symmetric.
For J < 0, it is also well known that for |λ| ≥ 1, the unique ground state is a product state thus split state. On the other hand for |λ| < 1, the unique ground state is not a split state [Ma2 Theorem 4.3]. For J > 0, H XY is reflection symmetric with a twist r 0 which rotates an angle π with respect to Y -axis. Furthermore, by a general theorem [FILS] ω is also reflection positive with a twist r 0 = σ y for J > 0 and λ = 0. Thus by Corollary 4.5, the unique ground state of H XY model is a non split state and H is not a subset of {1, −1}. In such a case, a simple application of Theorem 1.3 in [Mo4] says that the spacial correlation functions of the ground state does not decay exponentially.
